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We study the topological magnetoelectric effect on a conical topological insulator when a point
charge q is near the cone apex. The Hall current induced on the cone surface and the image charge
configuration are determined. We also study a kind of gravitational Aharonov-Bohm effect in this
geometry and realize a phase diference betwen the components of the wavefunctions (spinors) upon
closed parallel transport around the (singular) cone tip. Concretely, a net current flowing towards
cone apex (or botton) shows up, yielding electric polarization of the conical topological insulator.
Such an effect may be detected, for instance, by means of the net accumulated Hall charge near the
apex. Once it depends only on the geometry of the material (essetially, the cone apperture angle)
this may be faced as a microscopic scale realization of (2+1)-dimensional Einstein gravity.
PACS numbers: 73.43.-f, 78.20.Ls, 03.65.Vf, 04.20.-q
Topological insulators (TI’s) are a new class of quan-
tum matter with an insulating bulk gap generated by
strong spin-orbit coupling and gapless matallic edge (2D
TI’s) or surface (3D TI’s) states characterized by a topo-
logical index associated with the Bloch wave function in
the momentum space. At present, this behaviour has
been observed in BixSb1−x alloys and in Bi2Se3, Bi2Te3
and Sb2Te3 crystals
1–3 and it has been predicted to oc-
cur in ternary intermetallic Heusler compounds4,5. The
physical manifestation of the topological order comes in
the form of protected, gapless, surface states that are
robust against damaging the surface by chemical or me-
chanical means, altering its shape or orientation with re-
spect to the crystal lattice, or even disordering the bulk,
as long as such changes are applied in moderation6.
These properties are verified in those systems that re-
spect time reversal symmetry (TRS), say, nonmagnetic
TI’s at zero applied magnetic field. Actually, whenever
TRS is broken, even by a weak magnetic perturbation,
the spectrum of the topologically protected surface states
acquire mass gap. As a result, the system becomes fully
insulating, both at the bulk and on the surface. How-
ever, the surface is not an ordinary insulator; it is rather
a quantum Hall insulator with properties similar to those
of the familiar quantum Hall systems realized in two-
dimensional electron gas7. In this case, the topological
properties of the fully gapped insulator are characterized
by a novel topological magnetoelectric effect. A tunable
energy gap at the surface Dirac point provides a means to
control the surface electric transport, what is important
for actual applications. The experimental observation
of massive Dirac Fermion on the surface of a magneti-
cally doped TI was reported in Ref.7 where the authors
introduced magnetic dopants into 3D TI Bi2Se3 and ob-
served the massive Dirac fermion state by angle-resolved
photoemission.
By virtue of all that, the investigation of how topo-
logical insulator phase behave whenever coexisting with
extra orders, such as magnetism, superconductivity etc,
comes to be a necessity for real TI’s applications. In
this context, the authors of Ref.8 have recently consid-
ered a thin ferromagnetic film, with spin textures such
as domain walls and vortices, deposited on TI surface.
The interaction with the TI electronic states has ren-
der these magnetic textures electrically charged. Other
magnetic-TI interacting systems comprise magnetization
dynamics induced by TI surface9,10, magnetic impurities
effects on Dirac electronic states11. Thus, TI physical
properties are dramatic if an energy gap is induced. For
instance, when this is provided by a magnetic field (or
due to the proximity to a magnetic material) the result-
ing system behaves like quantum Hall state along with a
topological magnetoelectric effect, in such a way that an
electric (magnetic) field generates a topological contribu-
tion to the magnetization (polarization), with a universal
constant of proportionality quantized in odd multiples of
the fine-structure constant α = e2/~c14,15. On the other
hand, whenever coupled to a superconductor leads to
novel states supporting Majorana fermions, which may
provide a new venue for realizing topological quantum
computation16.
The TI effective model is obtained by projecting the
bulk Hamiltonian onto the surface states. In the simplest
case of a single Dirac point, to the leading order in ~k (low
energy spectrum), the surface states are well described by
the Dirac-like Hamiltonian for a massless particle17
Hsurf = −i~vF~σ · ~∇ , (1)
where vF is the Fermi velocity, while ~σ = (σx, σy) are the
2D Pauli matrices.
Therefore, the surface states of a 3D TI are described
quite similarly to their counterparts lying on a single
graphene sheet18. However, due to spin and valley de-
generacy, graphene has four Dirac cones at low energies
(this is generally an even number for every purely 2D TR
invariant system). Topological insulators are unique in
this aspect, since an odd number of Dirac cones takes
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2place to its surface states (while preserving TR sym-
metry). The most interesting consequence of this spe-
cialty is the strong linear momentum-spin coupling ob-
served in the charge carries motion, what makes these
dynamical states topologically robust against defects and
impurities. Actually, the helical spin texture described
by Hamiltonian (1) present both charge current, ~j(~x),
and spin densities, ~S(~x), lying only on the TI surface12,
~j = vFΨ
†~σΨ× zˆ = vF ~S × zˆ.
In this paper, we show that TMEE and geometrical
features interplay interetingly on a conical support ren-
dering the TI the possibility of being electrically polar-
ized only by controlling its geometry (apperture angle).
For that we shall consider a 3D TI cone whose border is
precisely its conical 2D surface, Fig.1. We have analyzed
the Hall current induced on the surface by an electric
charge placed above the apex and we have also found a
gravitational-like mechanism to reverse the cone polar-
ization, say, narrower cones, with δ < 30o tend to ac-
cumulate positive charges around the apex region, while
those with δ > 30o a net negative charge takes place
there.
We start off by describing the conical geometry and
the eletronic structure of such a topological insulator.
Detaching a fraction of an Euclidian space generate a
deficit angle 2piβ and after identifying the edges a cone
results (see Fig. 1). The cone surface makes an apper-
ture angle, δ = arcsin(1− β), with its symmetric z-axis.
Although the cone is locally flat, once its curvature van-
ishes everywhere, global effects show up, for instance,
when one goes around the tip (where curvature blows
up; further details below). Conical geometry naturally
emerges in (2+1)-dimensional Einstein gravity where a
pointlike mass induces an angle (or area) deficit in the
2D spatial plane, playing a role analogous to the conical
tip, accounting for the global lacking of space. Explicitly,
the line element in this case reads
ds2 = dt2 − dr2 − r2η2dθ2, (2)
with 0 ≤ θ < 2pi and η = 1 − 4GM (G is the New-
ton’s constant, which has dimensions of length, rather
than length2, in natural units, h = c = 1). Note that al-
though the situation looks trivial the coordinate θ ranges
from 0 to 2piη < 2pi indicating a angle deficit in this ge-
ometry. Then, the space part of the metric is that of
a plane with a wedge removed and edges identified; the
unique 2D spatial geometry satisfying this description
is the cone21,22. Although no gravitons appear in this
space-time, since Einstein tensor vanishes in the absence
of energy-momentum, implying that gravity is experi-
enced only locally, global effects coming from a massive
particle are captured by the angle deficit and manifested
by the conical tip22–25.
Therefore, the dynamics of charge carriers in an ideal
conical TI is equivalent to that of a (massless) Dirac par-
ticle in a gravitational field of a static particle of mass M
in a (2+1)D space-time. This analogy suggests that Ein-
stein gravitation in (2+1) dimensions can be realized and
FIG. 1. The conical geometry: cut and removal of a sector
2piβ, 0 < β < 1 from 2D plane; identification of lines u and v
gives a cone; δ = arcsin(1− β) is called the apperture angle,
nˆ is a normal to the surface). Note also the electric charge q
placed just above the apex which complete our system to be
studied here.
experimentally probed in feasible condensed matter ma-
terials, such as in conical TI’s systems (similar tests have
been porposed with conical graphene sheets as w28–30).
Let us start off by investigating how closed-path par-
allel transport around the cone tip affects Dirac spinors,
|Ψ〉. Basically, it results in a kind of Aharonov-Bohm ef-
fect, but occuring without an electromagnetic field. Once
it origins from the geometrical properties of the physi-
cal support (the cone) it is often referred to be gravita-
tional Aharonov-Bohm effect. For clarify that, one solves
the differential equations for the charge carries26 (equiv-
alently, we could make use of path-ordered products of
the relevant affine connection27). After taking a com-
plete round along the tip, wave-functions are changed
according to:
|Ψ(2pi)〉 =
(
exp(−iφ) 0
0 exp(iφ)
)
|Ψ(0)〉, (3)
with φ = pi sin δ. For instance, if |Ψ(0)〉 = p|+〉+ q|−〉 (p
and q are constants), then, |Ψ(2pi)〉 = p exp(−iφ)|+〉 +
3q exp(iφ)|−〉 and, therefore, after the complete contour,
the components up and down spins are mutually out of
phase by 2pi sin δ = 2pi(1− β), which is exactly the angle
remaining in the space. Hence, the angular deficit gives
rise to a mismatch in the electrons and holes properties
displacing on the conical TI surface, say, up and down
components get a relative phase difference after trans-
ported around the tip (note that if δ = pi/2 we recover
the usual plane, and no change appears, at all). This ef-
fect leads to fluctuations of charge carriers density along
the conical surface and may change several physical prop-
erties of the material. This is clearer realized and even
detected in the induced superficial Hall current: When
a vector like ~j is parallel transported around the conical
apex its componentes change by26:
(
jr(2pi)
jθ(2pi)
)
=
(
cos(2piγ) 1r0α sin(2γ)−rα sin(2piγ) rr0 cos(2piγ)
)(
jr(0)
jθ(0)
)
,
(4)
with the initial condition θ = 0 at r = r0 while and
γ = sin δ = 1 − β (see Fig. 1). Although Hall current
induced by a charge, placed just above the cone apex,
initially has only θˆ- component (for details see eq.(7) be-
low), whenever it circulates around the apex an extra
term shows up along rˆ. Thus, the whole current is not
closed once jr displaces towards either apex or cone bot-
ton (see below). Such an effect comes about in the conical
geometry and identically vanishes in the usual flat plane.
On the other hand, it may be faced as a (2+1)D grav-
ity manifestation of a point mass and might be used to
probe this theory at a microscopic scale. As a explicit
example let us consider the Hall current induced at the
point (r = r0 , θ = 0):
~j(r0 , 0) = jθ(r0 , 0)θˆ , (5)
which after complete a round on the apex will read:
~j(r , 2pi) =
sin(2piγ)
r0α
jθ(r0 , 0)rˆ +
r cos(2piγ)
r0
jθ(r0 , 0)θˆ .
(6)
Observe that when γ = 1/2, (δ = 300) the radial
component of the current vanishes (this corresponds to
β = 1/2, say, a deficit equal to half of the 2D space).
Interesting polarization-type effects appear for other γ
values: Indeed, if γ < 1/2 (δ < 300, narrower cones) Jr
is positive, so that total current, ~j, spirals towards cone
botton. After a while cone will get a negative charge
acumulated in the base (and a positive charge near the
apex) what corresponds to an electric polarization along
the −zˆ axis (see Fig. 2). On the other hand, for γ > 1/2,
(δ > 300, wider cones) the jr is negative, yielding a
polarization directed from the botton to the apex. [Of
course, the usual polarization brought about by charge
q, placed just above the cone tip, remains independently.
Actually, the net conical TI polarization may be also
controlled by choosing the signal and magnitude of this
charge and the magnetization direction, as accounted by
eq. (7)].
FIG. 2. Electric charge polarization in conical topological
insulators: Wider TI cones (upper), with δ > 30o tend to
accumulate negative charges (electrons) near the apex, while
in narrower ones a net positive charge is expected to occurs
there. Black arrows, ~P , accounts for the cone polarization
while the blue curves represent the Hall current flowing along
the surface.
Let us now study fields configuration brought about by
that pointlike charge. Qualitatively, the in-plane compo-
nent of the electric field generated by the point charge
does induce a superficial and perpendicular current. This
appears as a quantized Hall current as a physical man-
isfestation of topological magneto-electric effec (TMEE)
and is given by:
~j = ± e
2
2h
nˆ× ~E = ± q e
2
4pi0h
[ r sinα + (d− z) cosα ]
[ r2 + (z − d)2 ]3/2 θˆ ,
(7)
where ± accounts for the magnetization direction, + for
magnetization outward and − for inward the surface,
~M = ± ~M0nˆ; parameters r and z are restrited to the cone
surface satisfying z = c − rtan δ . The electric and mag-
netic fields induced by the electric point charge on the TI
surface are determined through Maxwell equations aug-
mented by TMEE14, which comes about from the action
below:
S =
∫
d4x− 1
4
FµνF
µν + θ
α
2pi
F˜µνF
µν
=
∫
d4x
(1
2
(| ~E|2 − | ~B|2) + θ α
2pi
( ~E · ~B)
)
, (8)
4which yields imediately:
∇ · ~D = ∇ · ~B = 0 , (9)
∇× ~H − ∂t ~E = ∇× ~E − ∂t ~B = ~0 , (10)
with the constitutive relations:
~D = ~E + ~P − 2αP3(x) ~B , (11)
~H = ~B − ~M + 2αP3(x)c ~E . (12)
P3(x) = θ(x)/2pi accounts for the magnetoelectric po-
larization, which vanishes in vacuum or in conventional
insulators (θ = 0) and equals ±1/2 (θ = pi) in TI
(the sign is determined by the direction of the surface
magnetization14). We have set c = 0 = µ0 = 1 and α is
the fine structure constant.
The electric (magnetic) field outside the conical TI can
be viewed as induced by a point image electric charge
(magnetic monopole) plus a line of image electric (mag-
netic) charge density along the z axis inside the cone.
The image method can be used to find the quantitative
expression for the charge density. An altervative tech-
nique so-called fractional image method19 is more usefull
because the conical space can be viewed as a fraction
of the Euclidian space. The results for the point charge
electric above the apex cone in z−axes and in a arbi-
trary (r , θ , z) position outside the cone are in progress
and will be presented soon20.
In summary, we have considered the magnetoelectric
effect realized for conical topological insulators. The Hall
current, induced by a point charge, at the conical surface
is obtained and present the interesting feature of provid-
ing conical electric polarization, say, the accumulation
of negative (positive) charges, Q, around the apex ac-
cording the cone apperture angle: if δ > 30o we observe
Q < 0 while for narrower cones, δ < 30o a positive Q
takes place. This effect seems to be feasible of exper-
imental verification, providing a microscopic manner of
probind (2+1) dimensional Einstein gravity. The explicit
solutions for the induced fields, along with possible geo-
metrical effects tracked by them, are in order and will be
communicated elsewhere20.
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